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Suppose we have a group G and an invariant subgroup (also called a

normal subgroup) H of G, written H C G. This means that, for every
element g ∈ G, g−1Hg = H . That is, if we apply the operation g−1hig to
each element hi ∈ H , we regenerate the same subgroup H (although the
elements hi may not be in the same order, so in general it’s not always true
that g−1hig = hi. We might have g−1hig = hj where i 6= j.

COSETS

Now consider the set formed by left-multiplying H by an element ga
from G. If ga ∈ H , then we just get the group H again. That is, if we
calculate hiH , then we left-multiply all the elements of H by the element
hi, and this just generates all the elements of H again, as we saw in an
earlier theorem.

However, if ga /∈ H , then we generate a set of elements, none of which
is in H . This set, written as gaH , is called a left coset of H . We can do
this for all elements ga /∈H and get a collection of left cosets. Note that a
left coset is not a group, since it doesn’t contain an identity element. This
follows because H is a group so the identity is one of the elements of H ,
thus if ga /∈ H , ga cannot be the identity, nor can it be the inverse of any
element in H , so the left coset gH cannot contain the identity.

Now we consider the set consisting of all the left cosets of H . Each
element of this ’superset’, or set of left cosets, is itself a set, and not in
general an single element. We can multiply two of these left cosets, say
gaH and gbH , together by multiplying every element in gaH into every
element in gbH . So a typical element of this product of left cosets would be

(gahi)(gbhj) = gagbg
−1
b higbhj (1)

= gagbh`hj (2)

In the second line, we used the fact that H is an invariant subgroup, so
g−1
b higb must be an element h` of H . If H were not invariant, this step

wouldn’t be valid.
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Since h` and hj are both in H , their product h`hj = hk must also be in
H (by the closure axiom). Thus for each element in the product of two left
cosets, we have

(gahi)(gbhj) = gagbhk = gchk (3)
where gc = gagb (and is a member of G, again by the closure axiom), and
hk depends on gb, hi and hj (but not ga). If we let hi range over the entire
group H , then g−1

b higb = h` also covers all elements in H (same theorem
as above). Therefore, we have

(gaH)(gbH) = gagbH (4)
Thus left cosets are closed under multiplication.

Although an individual left coset does not constitue a group, what about
the set of all left cosets gaH for all ga ∈G? This set is, in fact, a group. To
see this, consider the group axioms.

(1) This set is closed under multiplication as we saw in 4.
(2) The identity is the set with ga = hi ∈H , in which case the left coset

is hiH =H . Thus the group H is itself the identity in the group of
all left cosets.

(3) The inverse of gaH is g−1
a H , as we can see from the multiplication

rule 4.
(4) The multiplication rule is associative because the elements ga are as-

sociative, so [(gaH)(gbH)] (gcH) = (gagbH)(gcH) = (gagbgcH),
and (gaH) [(gbH)(gcH)] = (gaH)(gbgcH) = (gagbgcH).

We could have done everything above by right-multiplying H by ga, which
generates a right coset. The two cosets for a given ga are actually the same,
as we can see from

Hga = gag
−1
a Hga = gaH (5)

where again we used the fact that H is an invariant subgroup, so that g−1
a Hga=

H .

QUOTIENT GROUPS

The set of all left (or right) cosets of a group G is called the quotient
group Q, written

Q=G/H (6)
It’s called a quotient group because it contains |Q| = |G|/ |H| elements.
This follows because, for every element ga /∈H , the coset (I’ll stop referring
to ’left’ or ’right’ cosets since they are the same) gaH contains |H| elements,
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and these elements are distinct from those in every other coset. Thus we
are dividing G up into a number |Q| of sets, each of which contains |H|
elements. Thus we must have |H| |Q|= |G|.

Example 1. The most common elementary example of a quotient group is
that formed by considering the modulus operation on the set of integers.
Suppose we take G to be the group of integers modulo 4, so

G= {0,1,2,3} (7)
That is, G consists of the possible values when an integer is taken modulo
4, or in other words, for an integer m we calculate the remainder when m
is divided by 4. The ’multiplication’ operation for this group is actually
addition modulo 4, so gagb is actually (ga+gb) mod 4. You can check all
the group axioms for G and see that they are satisfied. For example, the
identity is 0, the inverse of 1 is 3 since (1+3) mod 4 = 0, and so on.

Now consider the subgroup

H = {0,2} (8)
We can check that H is invariant by calculating g−1

a Hga (again, remember
to use modulo addition!). For example, if ga = 3, we have

g−1
a Hga = [1+({0,2}+3) mod 4] mod 4 (9)

= [1+({3,5} mod 4)] mod 4 (10)

= (1+{3,1}) mod 4 (11)

= {0,2}=H (12)

The cosets of H are H itself, and

[1+{0,2}] mod 4 = {1,3} (13)

[2+{0,2}] mod 4 = {2,4} mod 4 = {2,0}= {0,2} (14)

[3+{0,2}] mod 4 = {3,5} mod 4 = {3,1}= {1,3} (15)

The order in which we write the elements of a set doesn’t matter. An impor-
tant point to note from this result is that the cosets generated from different
elements ga can be the same. In this case the cosets generated by ga = 1
and ga = 3 are the same, as are the cosets from ga = 0 and ga = 2.

Thus the quotient group consists of

Q= {{0,2} ,{1,3}} (16)
In order to show that Q is actually a group, we need to find the compo-

sition rule for combining two elements. Referring back to 4, we see that
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q1

q2 {0,2} {1,3}

{0,2} {0,2} {1,3}

{1,3} {1,3} {0,2}
TABLE 1. Multiplication table for the quotient group 16.

the elements of Q are given by gaH , where ga in this case is the action of
adding one of the elements of G from 7 modulo 4. Thus the element {0,2}
in Q is obtained by using ga = 0, since if we add 0 to H we just get H back
again.

The element {1,3} in Q is from ga = 1, since adding 1 to H = {0,2}
gives us {1,3}. Thus the combination of {0,2} and {1,3} from Q is the
action of adding first 1 (mod 4) and then 0 (mod 4), which is just the same
as adding 1 (mod 4) on its own. From this we can see that {0,2} acts as the
identity element.

If we apply {1,3} twice this is the same as adding 1 (mod 4), followed
by adding 1 (mod 4) again, with the addition starting from H . We see that

this results in {0,2} {1,3}−→ {1,3} {1,3}−→ {2,4}= {0,2}. Thus {1,3}2 = {0,2}
so {1,3} is its own inverse. Table 1 shows the results.

Another way of looking at the elements of Q is that {0,2} represents
[0+H] mod 4 and {1,3} represents [1+H] mod 4. We can write this as

Q= {ni+H : ni = 0,1} (17)
with the rule for combining elements of Q given by

q1q2 = (n1 +n2 +H) mod 4 (18)
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